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Abstract:- 
 

Generally, Heap is an organization of Data/Key values in system which is based on tree data 

structure which follows a particular order to make it Max-heap or Min-heap. Heaps are useful in 

Priority Scheduling Algorithms,  Sorting (Heap sort), Path Selection (Dijkstra algorithm) etc. 

Searching  Minimum  and  Maximum  key  is  very  easy  in  heap  as  compared  to  other  data 

structures. Heaps are derived from the terminology of Binary tree. Useful variations of heaps are 

2-Heap,  Ternary  Heap  and  Skew  Heaps.  These  can  be  Compared  on  the  basis  of  their 

Applications, Structural differences, Operations and their Space/Time Complexity. Heaps are 

also fully supported by Some High level languages such as C++ Standard Template Library 

(STL). 
 

In Real world scenario, Heap can be related with an Organization where an owner or top ranked 

person stands first as root in heap. All the descendents (children nodes) follow the Decisions 

made by the person above them (roots). 
 

Introduction:- 
 

Heap actually resembles Binary Search Tree in which there are at most two children nodes of 

any node except leaves. But in heap, it can be Max Heap in which the root node R is greater than 

both of its children nodes. In min heap, Root node does not exceed its value than its children 

nodes. Strings, Characters and numbers can be represented with the help of array and linked list 

by making its heap in memory. 

 

 

 

 

 
 
 
 

 
 
 
 
 
 
 

Figure of Max Heap                                                          Figure of Min heap 



 

 
 

Classes of Heaps 
 

2-Heap:-   2-heap is almost a Complete Binary Tree. It is called 2-heap because it consists at 

most two children node and also satisfies the heap property. It is filled on all levels, except last, 

where filled from left to right. A Heapify operation is performed to form a heap from set of 

values.  Almost  all  standard  operations  such  as  Heapify,  Insertion,  Deletion  and Sorting are 

performed on Binary heap. It is one of the oldest and best applicable heap data structures. 
 

Ternary Heap: - Ternary heap can be defined as one in which the parent can have a maximum 

of 3 children. In this heap the magnitude of the parent is greater than or equal to the value of any 

of the three children (i.e. a ternary maxheap). Each parent may have 0, 1, 2, or 3 children. The 

relation to access Root and children nodes is different from Binary Heap. But all the major 

operation as in Binary heap is performed on 3-ry or Ternary heap. 

 
Skew Heap: - Skew heap is one of the methods of implementing the heaps in Self-adjusting 

Manner. A skew heap is a heap-ordered binary tree. It is the form of Leftist heap. Merging or 

Union is main operation to be performed when more than one heaps are combined using 

Merging in skew heap. In case of Insertion, a single element is considered as key which is then 

merged to make new heap. In contrast with binary heaps, there are no structural constraints, so 

there is no guarantee that the height of the tree is logarithmic in every case. 
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Architectural View 
 
 

 

2-Heap:- 
 

We can also use linked list to implement the heap but, it is easier to represent them in array. In 

2-heap, it looks like complete binary tree as shown in following figure: 
 

Figure 1 



 

 
 

The above heap tree is stored in array having size 10.The root of the tree is stored at A [0], its 

left-child at A [1], its right child at A [2]. 
 

To access the heap values in 2-Heap, we use, 
 

Given the index i of a node, the indices of its parent Parent(i), left-child 

LeftChild(i) and right child RightChild(i) can be computed simply : 

 
Parent(i) -> return (floor(i-1)/2) 

LeftChild(i) -> return 2i+1 

RightChild(i)-> return 2i+2 
 

 
Ternary Heap:- 

 

Ternary heap is also represented with array. In Ternary heap , all levels are filled 

except last. The Only difference with 2-heap is that it may have maximum 3-children resulting 

different notations for accessing values as:- 
 

For each node, assuming that its index is i, and that indexing starts with node 0 
 

Parent's index(i)->return( floor((i -1)/ 3)) 

Left child's(i)->return( 3 * i + 1) 

Middle child's(i)->return( 3 * i + 2) 

Right child's(i)->return( 3 * i + 3) 

 
 
 
 
 
 
 

 

 

 

 

 

Figure 2 
 

 
 
 
 
 
 

Skew Heap:-  

 
Skew  heap  is  based  on  self  adjustment.  It  does  not  constrain  to  any  strict 

architecture. It is a heap data structure that is stored in a binary tree (not necessarily complete 

and balanced).It is based on leftist tree. It is so because it is mainly useful in Union of heaps. 

Skew heaps are advantageous because of their ability to merge more quickly than binary heaps. 

To make a skew heap, only following two conditions must hold regardless of rest:- 
 

1.   The general heap order must be followed. 



 

 
 

2.   Almost every operation such as Add, DeleteMin and merge on two skew heaps must     be 

done using a special skew heap Merge operation. 
 

Array is mainly used to represent skew heap in memory. 
 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 
 

 
 
 
 
 
 
 

2-heap: 

Operations Performed 

 

Heap is natural representation of priority queue where largest/smallest element is located at the 

top. Major operations performed on Binary heaps are:- 
 

1.  Heapify :- Heapify means random set of values are arranged to form Max heap or Min 

heap order. After Heapifying, it is ordered heap where largest element is remained at the 
root (Max Heap). 

 
2.  Heap Insert (inserting an element into a heap):- In 2-heap, insertion is always done at 

next available node in heap tree. After,insertion the Heapify operation is performed to 

make the tree into correct order. We sometimes call this process up-heap. 
 

3.  Heap  Extract  Max/Min  (extracting  a  Max/Min  element  from  a  heap):-It  is  just 
removing the root and rearranging the heap tree. 

 

4.  Heap Delete (remove an element from a heap):- Removing an element mean extracting 
Maximum or Minimum element from heap. To remove an element, the root of heap is 
just delete and then again heapify operation is perfomed to re-arrange the heap tree. 

 

5.  HeapSort:- Heapsort repeatedly follows three steps until set of values are not in sorted 
form:- 

 

a) Heapify the set of values. 
 

b) Delete Largest/Smallest value from root and store it into sorted array. 
 

c) Swap Last element of remaining heap with first element and perform step a. 
 

Ternary Heap: - Almost all basic operations  (Heapify,  Heap Insert and Delete  min) are 

performed on Ternary heap. But, it requires one more comparison unlike in binary heap which 



results in variations in complexity analysis. We will come to complexity analysis in next 

comparison factor. Comparisons and Swapping are very prevalent in heap operations. Ternary 

heap performs these operations by consuming less time as compared to binary heap. This is 



 

 
 

because each step in the shift operation of a ternary heap requires three comparisons and one 

swap, whereas in a binary heap two comparisons and one swap are required. The ternary heap 

does two steps in less time than the binary heap requires for three steps, which multiplies the 

index by a factor of 9 instead of the factor 8 of three binary steps. 
 
 
 
 

Skew Heap:- 
 

Major Operations 
 

1.MakeHeap (Element e) 

2. FindMin (Heap h) 

3. DeleteMin (Heap h) 

4. Insert (Heap h, Element e) 

5. Union (Heap h1, Heap h2) 
 

The only operation in skew heap which makes it different from other is Union operation. Union 

operations combine two heaps into one preserving heap order but compromising the structure. 
 

Eg:-  with diagram 
 

In case of insertion, Element e is considered as separate heap. Union is used to perform insertion. 
 
In case of Deletion, the first value in a heap can be accomplished by removing the root and 

merging the child subtrees. 
 

Self-adjusting heaps have the following possible advantages over other heap structures: 

(i) They need less space, since no balance information is kept. 

(ii) Their access and update algorithms are easy to understand and to implement. 

(iii) In an amortized sense, ignoring constant factors, they can be at least as efficient as balanced 

structures. 

 
On the other hand, Self adjusting structures have two possible disadvantages: 

 
(i) More local adjustments take place than in the corresponding balanced structures, especially 

during accesses. (In a balanced structure, adjustments usually take place only during updates, not 

during accesses.) This can cause inefficiency if local adjustments are expensive. 

(ii) Individual operations within a sequence can be very expensive. Although expensive 

operations are likely to be rare, this can be a drawback in real-time applications. 
 

 
 

Complexity Analysis of Heaps 
 

 

Binary vs. Ternary Heap:- 



 
 
 
 

In binary heap, each node has at most two children nodes. So, a Binary heap of n nodes is of 
height h = log2n. In Binary heap, complexity of converting an array into heap is O(n) where n is 
number of elements. To sort a heap, the maximum element is deleted n times, so that the worst- 
case time complexity of HeapSort is O( n log n ). Each deletion requires O(logn).It is so because 
there are two comparisons at for subtree of a node. Nodes at increasing level increase 2

l  
l(level). 

 
In ternary heap, there are three cpomparisons are made to examin the children nodes of 

any node.More comparisons are made at single level Which leads Worst case time 

complexity to create heap of values to o(log3n).Then,heap sorting in ternary heap leads to 

o(nlog3n). 

 
Ternary or d-ary structures are sometimes advantageous because, more number of keys is 

stored in single disk block which reduces number of times a disk block is accesd.more 

number of values is placed into cache as compared to only two blocks in case of Binary 

Heap. Ternary structure improves disk optimization. 

 
Normally,  when  we  use  ternary  or  k-aryl  structures,  it  requires  k.log  (n)/log  (k) 

operations which states that the larger the k is, more operations are needed. 

 
In case of speed, ternary structure is not so much faster because hen a ternary comparison 

is made, it actually require to comparisons so, if we calculate as: 

 
o Number of comparisons in ternary search = 2 * log(n)/log3 ~ 4.19*logn. 
o Number of comparisons in binary search = log(n)/log(2) ~ 3.32*logn. 

 
One  common  thing  I  have  founded  that  while  implementing  ternary  strcture,The 

computer system actually breaks ternary logic into binary for computation. So, it depends 

on the configuration of system to be compatible with ternary or n-ry structure. 
 

 
Complexity of skew heap:- 

 

In typical applications of data structures, it is not a single operation that is performed but rather a 

sequence  of operations,  and  the  relevant  complexity  measure  is not  the  time  taken  by one 

operation but the total time of a sequence. If we calculate average of  time per operation over a 

worst-case sequence, it would be a time per operation much smaller than the worst-case time. It 

is called kind of averaging over time amortization.As it has been stated that, Skew heap is less 

structure oriented and does not follow structural constraint. So, this data structure can be in any 

arbitrary state by maintaining it as simple and uniform which is able to adjust its structure as 

needed. Skew heap is based on amortized analysis where there sequence of operation rather than 

single operations. 

 
Merging of two heaps takes time of  O(logn) where total items are n. 

If M operations take total   O(M log N) time, Amortized time per operation is 

O(log N). 



 

 
 

Disk Block Access Cycles 
 
 

CPUCACHEMEMORYDISK 
 
Any disk block is accessed in above order when reading any value from disk. Now, in Binary 

Heaps, disk block is accessed more frequently as compared to Ternary because, block contains at 

most two keys/values where as in ternary or n-ary ,more or n keys/records are found on single 

burst of disk block. With this, binary structure decreases disk optimization. 

So, more Disk block Access cycles are required in Binary heap as compared to Ternary Heap. 
 

Applications 
 

o  Sorting of Values (Heap sort) is major application. Besides this, Binary heap and ternary 

heaps are used to implement the Priority queues. A priority queue is a data structure in which 

the items to be inserted have associated priorities. Items are withdrawn from a priority queue 

in order of their priorities, starting with the highest priority item first. 
 

o  Priority   queues   are   often   used   in   resource   management,   simulations,   and   in   the 

implementation of some algorithms (e.g., some graph algorithms, some backtracking 

algorithms) 
 

o  Skew heaps are used to find shortest path. Dijkstra’s Shortest Weighted Path Algorithm is 
best example. 

 

Keywords 
 

1.   Amortization:- Running time limit resulting from “writing off” expensive runs of an 

algorithm over multiple cheap runs of the algorithm, usually resulting in a lower overall 

running time than indicated by the worst possible case. 

 
2.   Standard Template Library:- The Standard Template Library, or STL is   library of 

container classes,   algorithms, and iterators. It provides many of the basic algorithms and 

data structures of computer science. The STL is a generic library, meaning that its 

components are heavily parameterized: almost every component in the STL is a template. 

 
3.   Leftist tree:- The leftist tree was invented by Clark Allan Crane. The name comes from 

the fact that the left subtree is usually taller than the right subtree. 
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